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Taylor̊uv polynom
Taylorova věta
Necht’ je funkce, která má derivace až do řádu n v uzav̌reném
intervalu I , jehož krajńı body jsou č́ısla x a x0.
Pak plat́ı

f (x) = f (x0) +
f ′(x0)

1!
(x − x0) + · · ·+ f (n)(x0)

n!
(x − x0)n︸ ︷︷ ︸

Tn(x)

+Rn+1(x),

kde Rn+1(x) je Taylor̊uv zbytek, pro který plat́ı

Rn+1(x) =
f (n+1)(ξ)

(n + 1)!
(x − x0)n+1, kde ξ ∈ I , ξ 6= x , x0

Tn(x) = c0 + c1(x − x0) + c2(x − x0)2 + · · ·+ cn(x − x0)n

Tn(x) =
n∑

k=0

ck(x − x0)k , ck =
f (k)(x0)

k!



Př́ıklady

Koeficienty poč́ıtáme p̌ŕımým výpočtem.

ex =
∞∑
k=0

xk

k!
, x ∈ R

sin(x) =
∞∑
k=0

(−1)k
x2k+1

(2k + 1)!
, x ∈ R

cos(x) =
∞∑
k=0

(−1)k
x2k

(2k)!
, x ∈ R

(1 + x)p =
∞∑
k=0

(
p

k

)
xk , x ∈ (−1, 1), p ∈ R (binomická řada)



Použit́ı známých rozvoj̊u

V okoĺı x0 = 0

1 e2x = 1 + (2x) +
(2x)2

2
+

(2x)3

3!
+ . . .

2 cos 2x = 1− (2x)2

2
+

(2x)4

4!
− (2x)6

6!
+ . . .

3 e−x
2

= 1 + (−x2) +
(−x2)2

2
+

(−x2)3

3!
+ . . .

4
1√

1− x2
(p̌ŕımým výpočtem)

f (x) =
1√

1− x2
f (x0) = 1

f ′(x) =
x√

(1− x2)3
f ′(x0) = 0

f ′′(x) =
1 + 2x2

(1− x2)2
√

1− x2
f ′′(x) = 1

T2(x) = 1 +
1

2
x2



Použit́ı vzorce pro součet geometrické řady

a

1− q
=︸ ︷︷ ︸
|q|<1

a ·
∞∑
k=0

qk

1
1

4− 2x
=

1

4(1− x
2 )

=
1

4

∞∑
k=0

(x
2

)k
=

1

4

(
1 +

x

2
+

x2

4
+ . . .

)
pro | x2 | < 1

2
1

3 + 2x
=

1

3(1 + 2x
3 )

=
1

3

∞∑
k=0

(
−2x

3

)k

=

1

3

(
1− 2

3
x +

4

9
x2 − 8

27
x3 + . . .

)
pro |2x3 | < 1



Př́ıklad: Taylor̊uv polynom 3. stupně pro funkci y = tgx
v okoĺı x0 = 0

f (x) = tg(x) tg(x) =
sin x

cos x
⇒ cos(x)tg(x) = sin x

Koeficienty řady urč́ıme porovnáńım koeficient̊u levé a pravé strany
tg(x) = c0 + c1x + c2x

2 + c3x
3 + . . .

cos(x) = 1− x2

2 + x4

4! + . . . sin(x) = x − x3

3! + . . .

cos(x) · tg(x) =
(

1− x2

2 + x4

4! + . . .
) (

c0 + c1x + c2x
2 + c3x

3 + . . .
)

= c0 + c1x + c2x
2 + c3x

3 + . . .

−c0
2
x2 − c1

2
x3 − . . .

. . .

sin(x) = x − x3

3!
+ . . .

Soustava rovnic:
x0 : c0 = 0
x : c1 = 1
x2 : c2 − c0

2 = 0
x3 : c3 − c1

2 = −1
6



Výpočet p̌ribližné hodnoty a odhad chyby
f (x) = ln x , x0 = 1

f (x) = ln x f ′(x) = 1
x f ′′(x) = − 1

x2 f ′′′(x) = 2
x3 f (IV)(x) = − 6

x4

f (1) = 0 f ′(1) = 1 f ′′(1) = −1 f ′′′(1) = 2 f (IV)(1) = −6

Výpočet p̌ribližné hodnoty ln 0.9

T1(x) = x − 1 R2(x) = − 1

ξ2
1

2
(x − 1)2

f (0.9)
.

= T1(0.9) = −0.1 R2(0.9) = − 1

ξ2
1

2
(−0.1)2, ξ ∈ (0.9, 1)

|R2(0.9)| ≤ 1

0.81
· 1

2
· 0.01 |ln(0.9)− T1(0.9)| ≤ 1

162

T2(x) = (x − 1)− 1

2
(x − 1)2 R3(x) =

2

ξ3
1

6
(x − 1)3

f (0.9)
.

= T2(0.9) = −0.105 R3(0.9) =
2

ξ3
1

6
(x − 1)3, ξ ∈ (0.9, 1)

|R3(0.9)| ≤ 1

0.729
· 1

3
· 0.001 |ln(0.9)− T2(0.9)| ≤ 1

2187

T3(x) = (x − 1)− 1

2
(x − 1)2 +

1

3
(x − 1)3 R4(x) = − 6

ξ4
1

24
(x − 1)4


