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Rovnice vedeńı tepla



Nahrazeńı derivaćı v jednom uzlu: Pk
i = P[xi , t

k ]

∂u

∂t
= p

∂2u

∂x2
+ f (x , t)

druhou derivaci:
”centrálně”

prvńı derivaci:
”dop̌redně”

Dosazeńım do rovnice dostaneme explicitńı schéma:

Pro t = 0 :
U0

i = ϕ(xi )
x = a : Uk

0 = α(tk)
x = b : Uk

n = β(tk)



Explicitńı schéma

Rovnice pro výpočet hodnoty Uk+1
i :

Uk+1
i =

pτ

h2
Uk

i−1 +
(

1− 2
pτ

h2

)
Uk

i +
pτ

h2
Uk

i+1 + τ f (xi , tk)

k = 0, 1, . . . , i = 1, 2, . . . , n − 1

Pro t = 0 : U0
i = ϕ(xi ), x = a : Uk

0 = α(tk), x = b : Uk
n = β(tk)

stabilńı pro
pτ

h2
≤ 1

2
chyba O(h2 + τ)



Př́ıklad

Ově̌reńı podḿınek souhlasu:
x = −1, t = 0 :
u(−1, 0) = (−1)2

u(−1, 0) = 1 + 0

x = 1, t = 0 :
u(1, 0) = 12

u(1, 0) = 1− 0

Volba krok̊u h, τ
Voĺıme h = 0.5 a urč́ıme maximálńı τ tak, aby explicitńı
schéma bylo stabilńı a bod [0, 0.2] byl uzlem śıtě.
τ ≤ 0.125⇒ τmax = 0.1



Výpočet hodnot užit́ım explicitńıho schématu

x0 x1 x2 x3 x4
-1 -0.5 0 0.5 1

1 Nultá časová vrstva: t = 0: U0
i = x2i

x0 x1 x2 x3 x4
-1 -0.5 0 0.5 1

U0 1 0.25 0 0.25 1

2 Prvńı časová vrstva:t = τ = 0.1, pτ
h2

= 0.4:

U1
i = 0.4 ·U0

i−1 + (1− 2 · 0.4) ·U0
i−1 + 0.4 ·U0

i−1 + 0.1 · 2xi
x0 x1 x2 x3 x4
-1 -0.5 0 0.5 1

U0 1 0.25 0 0.25 1

U1 1+0.1 0.35 0.2 0.55 1-0.1

3 Druhá časová vrstva:t = 2τ = 0.2:
U2

i = 0.4·U1
i−1+(1− 2 · 0.4)·U1

i−1+0.4·U1
i−1+0.1·(2xi−0.1)

u(0, 0.2)
.

= U2
2 = 0.39



Nahrazeńı derivaćı v jednom uzlu: Pk
i = P[xi , t

k ]

∂u

∂t
= p

∂2u

∂x2
+ f (x , t)

druhou derivaci:
”centrálně”

prvńı derivaci: ”zpětně”

Dosazeńım do rovnice dostaneme implicitńı schéma:
Pro t = 0 :
U0

i = ϕ(xi )
x = a : Uk

0 = α(tk)
x = b : Uk

n = β(tk)



Implicitńı schéma

soustava rovnic pro časovou vrstvu k:

−pτ

h2
Uk

i−1 +
(

1 + 2
pτ

h2

)
Uk

i −
pτ

h2
Uk

i+1 = Uk−1
i + τ f (xi , tk)

k = 1, 2, . . . , i = 1, 2, . . . , n − 1

Pro t = 0 : U0
i = ϕ(xi ), x = a : Uk

0 = α(tk), x = b : Uk
n = β(tk)

nepodḿıněně stabilńı
chyba O(h2 + τ)



Př́ıklad

Voĺıme h = 0.5, τ = 0.2. Explicitńı schéma nebude stabilńı.

Hodnoty v nulté časové vrstvě U0
i urč́ıme z počátečńı

podḿınky: U0
i = x2i

Sestav́ıme soustavu rovnic pro určeńı U1
i v prvńı časové vrstvě:


