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Exaktni rovnice

Necht P(x,y), Q(x,y) jsou spojité v G C R?

a maji spojité derivace v kazdém bod& [x, y] € G.
oP  9Q
oy Ox
tj. pokud P(x,y)dx + Q(x,y)dy je totdlnim diferencidlem funkce F(x,y).

P(x,y)dx + Q(x, y)dy = 0 je exaktni v G & —

Funkci F budeme nazyvat kmenovou funkci.

Regeni exaktni rovnice. Kmenovou funkci F miZeme urgit stejnym zplsobem
jako potencidl vektorového pole (P, Q).

- A _(9F OF\ _
Vyjdeme z definice gradientu: gradF = (ax, ay) = (P7 Q)
OF
(1) vl P(x,y) = F(x,y) = / P(x,y) dx = Ui(x,y) + Ki(y)
OF
@ 5 = Qxy) = Flxy) = [ Qxy) dy = Ualxsy) + Kalx)

© Kmenovou funkci F(x, y) vytvo¥ime slou¢enim Ui(x,y), U2(x,y), Ki(y), K2(x),
pri¢emz &leny, které se vyskytuji ve vyrazech, zapisujeme do vysledného vyrazu
pouze jedenkrat.

Regeni exaktni rovnice zpravidla ur&ime v implicitnim tvaru.



P¥iklad: exaktni rovnice

(2y —3x%)dx +2(x —y)dy =0
——

—_———
P(x.y) Q(x.y)
@ OvéFeni exaktnosti: op == @, G =R?
dy dy
(2] /P(X,y) dx = /2y— 3x2 dx = 2xy — x> +Ki(y)
Ur Ka(x)
o /Q(X,y) dy = /2X— 2y dy = 2xy — y® +Ka(x)
— =~
Uz Ki(y)

Q@ F(x,y)=2xy — x> — y? + const

© Obecné feseni: F(x,y)=C tj. y>—2xy+x>=C

@ Rovnici F(x,y) = C je zadand funkce y(x): F, # 0=y # x

@ Reseni C.G. pro potatedni podminku y(0) = 1
y2—2xy+x3=1, x<y:



P¥itel Matlab

Potencial vektorového pole pomiiZze urcit funkce potencial():

syms x y
P(x,y) = 2%y - 3*x"2;
QAlx,y) = 2*(x-y);

h = potential([P,Q], [x yl)

Refeni: h(x, y) = - x"3 + 2kxxy - y~2

Chceme-li uréit integralni k¥ivku, kterd prochazi zadanym bodem
y(x0) = o, nap¥. y(0) = 1, zaddme [xo, yo] jako t¥eti parametr.

h = potential([P,Q], [x yl, [0,1])

Regeni: h(x, y) = - x"3 + 2kxxy - y™2 + 1

(2y - 82%)dr + (22— 2y)dy = 0 (29~ 3adz + (22~ 2)dy =0
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P¥iklad: sin®y dx + (xsin2y —2y) dy = 0
@ Ové&Feni exaktnosti:
_ o L _0Q o2
— =2sinycosy =sin2y =—, G=R
dy dy

Q /P(X,y) dx = /sinzy dx = xsin’y + Ki(y)

(s ) /Q(X,y) dy = /(xsin 2y—2y)dy = —gcos2y—y2+Kg(X)

» . X
@ Pozor! rovnaji se xsin’y a 3 cos2y ?

—% cos2y = —g (cos®y —sin’y) =
—% (1 - sin2y - sin2y) = —% + Xsin2y
takze
/sinzy dx = xsin’y + Ki(y) = —%cosZy S g + Ki(y)
© Obecné teseni: F(x,y) = C, tj. —%cos2y—|— g —y?>=C
Q@ Zkouska

1 — cos(2y)

> , xsin(2y) — 2y>

grad F = (F, Fy) = <



P¥iklad : sin®y dx + (xsin2y —2y) dy = 0
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Yz + (z sin (2y) — 2y)dy = 0
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Jiny postup feseni P(x,y)dx + Q(x, y)dy =0

F OF
Vychazime z definice gradientu: gradF = 0 , oF =(P, Q)
ox’ Oy

@ Ui(x,y) urtime stejn&:
OF
— = P(x,y) = F(x,y) = / P(x,y) dx = Ui(x,y) + Ki(y)

ox
@ Ki(y) urtime z podminky:
oF 8Ul(va) d Kl(.y)

y Q(x,y) = oy T dy Q(x,y). ti.
8U1(X7.y)
Ki(y) = _ vy
)= [ (@0 - Z22) oy
PY¥edchazejici p¥iklad
(1] /P(X,y) dx = /sin2y dx = xsin® y + Ki(y)

Ki(y)
dy

2

d
@ 2xsinycosy + =xsin(2y) — 2y = Ki(y) =y
—

xsin2y

(1—cos2y)
2

Q@ F(x,y) = xsin’y — y? 4 const = x — y? + const



Poznamka

Separovatelnou rovnici lze pfevést na exaktni.

d
Separovatelna: d—i = A(x) - B(y).

Upravujeme:
L — A(x)d ;»A()d+< ! >d 0
—_ = X )ax X X — =
B(y)” —~ )~
P(x.y) —
Q(xy)
Ovéfeni:
0P _0A) _, 0@ _0Bb)
dy  dy dy  Ox

Opacné to samoziejmé neplati.
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