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Eliminačńı metoda řešeńı soustavy ODR 1. řádu.

Převod rovnice 2. řádu na soustavu 2 rovnic.
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Eliminačńı metoda

Z jedné rovnice vyjáďŕıme x (nebo y), zderivujeme a x , ẋ (resp. y , ẏ ) dosad́ıme do

druhé rovnice, tj. soustavu 2 rovnic p̌revedeme na jednu rovnici 2. řádu.

Př́ıklad 1: homogenńı soustava
po složkách

ẋ = 2x + y
ẏ = 4y + 3x

maticově

Ẋ =

(
2 1
3 4

)
X

1 z 1. rovnice vyjáďŕıme y y = ẋ − 2x

2 urč́ıme derivaci ẏ ẏ = ẍ − 2ẋ

3 y , ẏ dosad́ıme do 2. rovnice ẍ − 2ẋ = 4(ẋ − 2x) + 3x

Uprav́ıme rovnici 2. řádu ẍ − 6ẋ + 5x = 0

charakteristická rovnice a jej́ı kǒreny: λ2 − 6λ+ 5 = 0, λ1 = 1, λ2 = 5

fundamentálńı systém řešeńı: ϕ1 = et , ϕ2 = e5t

obecné řešeńı a jeho derivace x = C1et + C2e5t , ẋ = C1et + 5C2e5t

Dopoč́ıtáme y : y = C1e
t + 5C2e

5t︸ ︷︷ ︸
ẋ

−2(C1e
t + C2e

5t)︸ ︷︷ ︸
−2x

Závěr. Obecné řešeńı soustavy je x = C1e
t + C2e

5t , y = −C1e
t + 3C2e

5t



Srovnáńı s řešeńım Eulerovou metodou

Př́ıklad 1, Ẋ =

(
2 1
3 4

)
X , vy̌reš́ıme Eulerovou metodou.

vlastńı č́ısla: (2− λ)(4− λ)− 3 = 0, λ2 − 6λ+ 5 = 0,λ1 = 1, λ2 = 5

vlastńı vektory: ~uλ=1 = (1,−1)T , ~vλ=5 = (−1, 3)T

fundamentálńı systém řešeńı: Φ1 = et
(

1
−1

)
, Φ2 = e5t

(
−1

3

)
Závěr. Obecné řešeńı soustavy je

X = C1e
t

(
1

−1

)
+ C2e

5t

(
−1

3

)



Eliminačńı metoda, nehomogenńı soustava
Př́ıklad 2: nehomogenńı soustava

po složkách
ẋ = −3x + y +1
ẏ = −4x + 2y −2

maticově

Ẋ =

(
−3 1
−4 2

)
X +

(
1

−2

)
1 z 1. rovnice vyjáďŕıme y y = ẋ + 3x − 1

2 urč́ıme derivaci ẏ ẏ = ẍ + 3ẋ

3 y , ẏ dosad́ıme do 2. rovnice ẍ + 3ẋ = −4x + 2(ẋ + 3x − 1) − 2

Uprav́ıme rovnici 2. řádu ẍ + ẋ − 2x = −4

charakteristická rovnice a jej́ı kǒreny: λ2 + λ− 2 = 0, λ1 = −2, λ2 = 1

fundamentálńı systém řešeńı: ϕ1 = e−2t , ϕ2 = et

řešeńı homogenńı rovnice: x = C1e−2t + C2et

partikulárńı řešeńı: xP = 2

obecné řešeńı a jeho derivace x = C1e−2t + C2et + 2, ẋ = −2C1e−2t + C2et

Dopoč́ıtáme y : y = −2C1e
−2t + C2e

t︸ ︷︷ ︸
ẋ

+ 3(C1e
−2t + C2e

t + 2)︸ ︷︷ ︸
3x

−1

Závěr. Obecné řešeńı soustavy je
x = C1e

−2t + C2e
t + 2, y = C1e

−2t + 4C2e
t + 5



Srovnáńı s řešeńım Eulerovou metodou

Př́ıklad 2, Ẋ =

(
−3 1
−4 2

)
X +

(
1

−2

)
, vy̌reš́ıme Eulerovou metodou.

vlastńı č́ısla: (−3− λ)(2− λ) + 4 = 0, λ2 + λ− 2 = 0,λ1 = −2, λ2 = 1

vlastńı vektory: ~uλ=−2 = (1, 1)T , ~vλ=1 = (1, 4)T

fundamentálńı systém řešeńı: Φ1 = e−2t

(
1
1

)
, Φ2 = et

(
1
4

)
řešeńı homogenńı rovnice: XH = C1e

−2t

(
1
1

)
+ C2e

t

(
1
4

)
partikulárńı řešeńı pro B ∈ R2×1, tj. B je konstantńı XP = BR =

(
2
5

)
,

(pro jiné B viz daľśı p̌ŕıklad)

Závěr. Obecné řešeńı soustavy je

X = XH + XP = C1e
−2t

(
1
1

)
+ C2e

t

(
1
4

)
+

(
2
5

)



Eliminačńı metoda, nehomogenńı soustava
Př́ıklad 3: nehomogenńı soustava

po složkách
ẋ = 2x + y +e6t

ẏ = 3x + 4y −e6t

maticově

Ẋ =

(
2 1
3 4

)
X +

(
1

−1

)
e6t

1 z 1. rovnice vyjáďŕıme y y = ẋ − 2x − e6t

2 urč́ıme derivaci ẏ ẏ = ẍ − 2ẋ − 6e6t

3 y , ẏ dosad́ıme do 2. rovnice ẍ − 2ẋ − 6e6t = 3x + 4(ẋ − 2x − e6t)− e6t

Uprav́ıme rovnici 2. řádu ẍ − 6ẋ + 5x = e6t

charakteristická rovnice a jej́ı kǒreny: λ2 − 6λ+ 5 = 0, λ1 = 5, λ2 = 1

fundamentálńı systém řešeńı: ϕ1 = e5t , ϕ2 = et

řešeńı homogenńı rovnice: x = C1e5t + C2et

partikulárńı řešeńı: xP = Ae6t , . . . ,A = 1
5
,XP = 1

5
e6t

obec. řešeńı a jeho derivace x = C1e5t + C2et + 1
5
e6t , ẋ = 5C1e5t + C2et + 6

5
e6t

Dopoč́ıtáme y : y = 5C1e
5t + C2e

t +
6

5
e6t︸ ︷︷ ︸

ẋ

−2(C1e
5t + C2e

t +
1

5
e6t)︸ ︷︷ ︸

−2x

−e6t

Závěr. Obecné řešeńı soustavy je
x = C1e

5t + C2e
t + 1

5e
6t , y = 3C1e

5t − C2e
t − 1

5e
6t



Srovnáńı s řešeńım Eulerovou metodou

Př́ıklad 3, Ẋ =

(
2 1
3 4

)
X +

(
1

−1

)
e6t ,vy̌reš́ıme Eulerovou metodou.

vlastńı č́ısla: (2− λ)(4− λ)− 3 = 0, λ2 − 6λ+ 5 = 0,λ1 = 5, λ2 = 1

vlastńı vektory: ~uλ=5 = (1, 3)T , ~vλ=1 = (1,−1)T

fundamentálńı systém řešeńı: Φ1 = e5t

(
1
3

)
, Φ2 = et

(
1
−1

)
řešeńı homogenńı rovnice: XH = C1e

5t

(
1
3

)
+ C2e

t

(
1
−1

)
partikulárńı řešeńı: XP = C1(t)e5t

(
1
3

)
+ C2(t)et

(
1
−1

)
a plat́ı

C ′1(t)e5t

(
1
3

)
+ C ′2(t)et

(
1
−1

)
=

(
1
−1

)
e6t

řeš́ıme soustavu rovnic s neznámými C ′1(t), C ′2(t), urč́ıme C1(t),C2(t),
dosad́ıme do XP

4C ′1e
5t = 0 ⇒ C1(t) = const, nap̌r. 0

C ′2e
t = e6t ⇒ C ′2 = e5t ⇒ C2(t) = 1

5
e5t ⇒ XP =

1

5
e5tet

(
1
−1

)
Závěr. Obecné řešeńı soustavy je

X = XH + XP = C1e
5t

(
1
3

)
+ C2e

t

(
1

−1

)
+

1

5
e6t

(
1

−1

)



Eliminačńı metoda, nehomogenńı soustava
Př́ıklad 4: nehomogenńı soustava

po složkách
ẋ + 2ẏ = x − 6y −e2t

ẏ = y − x +e2t

maticově(
1 2
0 1

)
Ẋ =

(
1 −6
−1 1

)
X +

(
−1

1

)
e2t

1 z 2. rovnice vyjáďŕıme x x = −ẏ + y + e2t

2 urč́ıme derivaci ẋ ẋ = −ÿ + ẏ + 2e2t

3 x , ẋ dosad́ıme do 1. rovnice −ÿ + ẏ + 2e2t + 2ẏ = −ẏ + y + e2t − 6y − e2t

Uprav́ıme rovnici 2. řádu ÿ − 4ẏ − 5y = 2e2t

charakteristická rovnice a jej́ı kǒreny: λ2 − 4λ− 5 = 0, λ1 = −1, λ2 = 5

fundamentálńı systém řešeńı: ϕ1 = e−t , ϕ2 = e5t

řešeńı homogenńı rovnice : yH = C1e−t + C2e5t

partikulárńı řešeńı: yP = Ae2t , . . . ,A = − 2
9

obecné řešeńı: yob = C1e−t + C2e5t − 2
9
e2t

a jeho derivace: ẏob = −C1e−t + 5C2e5t − 4
9
e2t

Dopoč́ıtáme x : C1e
−t − 5C2e

5t +
4

9
e2t︸ ︷︷ ︸

−ẏ

+C1e
−t + C2e

5t −
2

9
e2t︸ ︷︷ ︸

y

+e2t

Závěr. Obecné řešeńı soustavy je

x = 2C1e
−t − 4C2e

5t +
11

9
e2t , y = C1e

−t + C2e
5t −

2

9
e2t



Srovnáńı s řešeńım Eulerovou metodou
Př́ıklad 4

(
1 2
0 1

)
Ẋ =

(
1 −6
−1 1

)
X +

(
−1

1

)
e2t uprav́ıme

Ẋ =

(
1 2
0 1

)−1 (
1 −6
−1 1

)
X +

(
1 2
0 1

)−1 ( −1
1

)
e2t

Ẋ =

(
1 −2
0 1

)(
1 −6
−1 1

)
X +

(
1 −2
0 1

)(
−1

1

)
e2t

Ẋ =

(
3 −8
−1 1

)
X +

(
−3

1

)
e2t

Řešeńı homogenńı rovnice urč́ıme Eulerovou metodou, XH = C1e
−t

(
2
1

)
+ C2e

5t

(
−4

1

)
Partikulárńı řešeńı urč́ıme variaćı konstanty. Pro partikulárńı řešeńı plat́ı

XP = C1(t)e−t

(
2
1

)
+ C2(t)e5t

(
−4

1

)
C ′1(t)e−t

(
2
1

)
+ C ′2(t)e5t

(
−4

1

)
=

(
−3

1

)
e2t

Variace konstanty. Urč́ıme C1(t),C2(t): C1(t) =

∫
w1(t)

w(t)
dt C2(t) =

∫
w2(t)

w(t)
dt

w(t) =

∣∣∣∣ 2e−t −4e5t

e−t e5t

∣∣∣∣ w(t) =

∣∣∣∣ −3e2t −4e5t

e2t e5t

∣∣∣∣ w(t) =

∣∣∣∣ 2e−t −3e2t

e−t e2t

∣∣∣∣
w(t) = 6e−te5t = 6e4t w1(t) = e2te5t = e7t w2(t) = 5e−te2t = 5et

C1(t) =

∫
e7t

6e4t
dt =

∫
1

6
e3t dt =

e3t

18
C2(t) =

∫
5et

6e4t
dt =

∫
5

6
e−3t dt = −

5e−3t

18

XP = C1(t)e−t

(
2
1

)
+ C2(t)e5t

(
−4

1

)
=

1

18
e3te−t

(
2
1

)
+

5

18
e−3te5t

(
−4

1

)
Závěr. XOB = XH + XP = C1e

−t

(
2
1

)
+ C2e

5t

(
−4

1

)
+ e2t

( 11
9
− 2

9

)



Převod rovnice 2. řádu na soustavu 2 rovnic

ẍ + p(t)ẋ + q(t)x = f (t)

p̌revedeme na soustavu rovnic pomoćı označeńı:

x = x
y = ẋ

, zderivujeme
ẋ = y
ẏ = ẍ = f (t) − q(t)x − p(t)y

Př́ıklady (Čipera kap. 3, 3.4, 6-11, kap.4, 4.4, 28-31)

p̌r.31 ẍ − 9x + x3 = 0
substituce
x = x
y = ẋ

soustava
ẋ = y
ẏ = 9x − x3

, Ẋ =

(
0 1
9 0

)
X+

(
0
−x3

)
,
dy

dx
=

9x − x3

y

p̌r.11 ẍ − 2

t2
x = 0, x(1) = 0, ẋ(1) = 3

substituce
x = x
y = ẋ

soustava
ẋ = y
ẏ = 2

t2 x
Ẋ =

(
0 1
2
t2 0

)
X , X (1) =

(
0
3

)
”nápověda”: fundamentálńı systém řešeńı: ϕ1 = t2, ϕ2 = 1

t

X = C1

(
ϕ1

ϕ̇1

)
+ C2

(
ϕ2

ϕ̇2

)
= C1

(
t2

2t

)
+ C2

(
1
t

− 1
t2

)
, t ∈ (0,∞)

C1,C2 urč́ıme z počátečńıch podḿınek.
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