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Soustavy obyčejných diferenciálńıch rovnic 1. řádu

27.11. a 4.12. 2019



Soustava dvou rovnic s konstantńımi koeficienty

zápis po složkách
ẋ = a11x + a12y + b1

ẏ = a21x + a22y + b2

maticový zápis

Ẋ =

(
a11 a12

a21 a22

)
X +

(
b1

b2

)

X =

(
x(t)
y(t)

)
, A =

(
a11 a12

a21 a22

)
∈ R2×2, B =

(
b1

b2

)
∈ R2×1

Homogenńı: B = (0, 0)T nehomogenńı: B 6= (0, 0)T

Necht’ λ1, λ2 jsou vlastńı č́ısla matice A
~u, ~v jim odpov́ıdaj́ıćı vlastńı vektory.

Fundamentálńı systém řešeńı Φ1 = eλ1t~u, Φ1 = eλ2t~v
Obecné řešeńı homogenńı soustavy:

XH = C1Φ1 + C2Φ2, C1,C2 ∈ R.

Partikulárńı řešeńı XP lze určit z rovnice Ẋ = ~0, tj.
a11xP + a12yP + b1 = 0
a21xP + a22yP + b2 = 0

Obecné řešeńı: XOB = XH + XP



Př́ıklad 1: Určete maximálńı řešeńı Cauchyovy úlohy

zápis po složkách
ẋ = x + y
ẏ = −2x + 4y

maticový zápis

Ẋ =

(
1 1
−2 4

)
X

počátečńı podḿınka

X (0) =

(
0
−1

)
1 vlastńı č́ısla

det(A− λE ) = 0: (1− λ)(4− λ) + 2 = 0, λ1 = 2, λ2 = 3

2 vlastńı vektory:
λ1 = 2 : −x + y = 0, ~u = (1, 1)T λ2 = 3 : −2x + y = 0, ~v = (1, 2)T

3 Fundamentálńı systém řešeńı Φ1 = e2t

(
1
1

)
,Φ2 = e3t

(
1
2

)
4 Obecné řešeńı XOB = C1e

2t

(
1
1

)
+ C2e

3t

(
1
2

)
,C1,C2 ∈ R

5 C1,C2 urč́ıme z počátečńı podḿınky:(
0
−1

)
= C1

(
1
1

)
+ C2

(
1
2

)
⇒ C1 = 1,C2 = −1

Maximálńı řešeńı (po složkách)
x(t) = e2t − e3t ,
y(t) = e2t − 2e3t , t ∈ R



Fázový portrét
1 Bod rovnováhy Ẋ = ~0(

1 1
−2 4

)
XBR =

(
0
0

)
⇒ XBR = [0, 0], jediný protože detA 6= 0.

2 Typ bodu rovnováhy: uzel, protože λ1,2 ∈ R a λ1 · λ2 > 0

3 Polop̌ŕımkové trajektorie lež́ı na p̌ŕımkách
−x + y = 0, −2x + y = 0

4 Tečný vektor v bodě [0,−1] : ~τ = A(0,−1)T = (−1,−4)T



Př́ıklad 2: Určete maximálńı řešeńı Cauchyovy úlohy

zápis po složkách
ẋ = 2x − y
ẏ = 3x − 2y

maticový zápis

Ẋ =

(
2 −1
3 −2

)
X

počátečńı podḿınka

X (0) =

(
1
5

)
1 vlastńı č́ısla

det(A− λE ) = 0: (2− λ)(−2− λ) + 3 = 0, λ1 = −1, λ2 = 1

2 vlastńı vektory:
λ1 = −1 : 3x − y = 0, ~u = (1, 3)T λ2 = 1 : x − y = 0, ~v = (1, 1)T

3 Fundamentálńı systém řešeńı Φ1 = e−t

(
1
3

)
,Φ2 = et

(
1
1

)
4 Obecné řešeńı XOB = C1e

−t

(
1
3

)
+ C2e

t

(
1
1

)
,C1,C2 ∈ R

5 C1,C2 urč́ıme z počátečńı podḿınky:(
1
5

)
= C1

(
1
3

)
+ C2

(
1
1

)
⇒ C1 = 2,C2 = −1

Maximálńı řešeńı (po složkách)
x(t) = 2e−t − et ,
y(t) = 6e−t − et

, t ∈ R



Fázový portrét
1 Bod rovnováhy Ẋ = ~0(

2 −1
3 −2

)
XBR =

(
0
0

)
⇒ XBR = [0, 0], jediný protože detA 6= 0.

2 Typ bodu rovnováhy: sedlo, protože λ1,2 ∈ R a λ1 · λ2 < 0

3 Polop̌ŕımkové trajektorie lež́ı na p̌ŕımkách
3x − y = 0, x − y = 0

4 Tečný vektor v bodě [1, 5] : ~τ = A(1, 5)T = (−3,−7)T



Př́ıklad 3: Určete maximálńı řešeńı Cauchyovy úlohy

zápis po složkách
ẋ = 4x + 5y
ẏ = −4x − 4y

maticový zápis

Ẋ =

(
4 5
−4 −4

)
X

počátečńı podḿınka

X (0) =

(
5
−6

)

1 vlastńı č́ısla
det(A− λE ) = 0: (4− λ)(−4− λ) + 20 = 0, λ1 = 2i , λ2 = −2i

2 vlastńı vektor (pro λ = 2i): ~u = (5,−4 + 2i)T

e2it~u = (cos(2t) + i sin(2t))

(
5

−4 + 2i

)
Vynásob́ıme a rozděĺıme na reálnou a imaginárńı část.

3 Fundamentálńı systém řešeńı Φ1 = Re(e2it~u),Φ2 = Im(e2it~u)

e2it~u =

 5 cos(2t) + i5 sin(2t)
−4 cos(2t)− 2 sin(2t)︸ ︷︷ ︸

Φ1

+ i (2 cos(2t)− 4 sin(2t)︸ ︷︷ ︸
Φ2


Φ1 =

(
5 cos(2t)

−4 cos(2t)− 2 sin(2t)

)
,Φ2 =

(
5 sin(2t)

2 cos(2t)− 4 sin(2t)

)



Obecné řešeńı XOB = C1Φ1 + C2Φ2, C1,C2 ∈ R

XOB = C1

(
5 cos(2t)

−4 cos(2t)− 2 sin(2t)

)
+ C2

(
5 sin(2t)

2 cos(2t)− 4 sin(2t)

)
C1,C2 urč́ıme z počátečńı podḿınky:(

5
−6

)
= C1

(
5
−4

)
+ C2

(
0
2

)
⇒ C1 = 1,C2 = −1

Maximálńı řešeńı

Xmax =

(
5 cos(2t)

−4 cos(2t)− 2 sin(2t)

)
−
(

5 sin(2t)
2 cos(2t)− 4 sin(2t)

)

po složkách
x(t) = 5 cos(2t) − 5 sin(2t),
y(t) = −6 cos(2t) + 2 sin(2t)

, t ∈ R



Fázový portrét
1 Bod rovnováhy Ẋ = ~0(

4 5
−4 −4

)
XBR =

(
0
0

)
⇒ XBR = [0, 0], jediný protože detA 6= 0.

2 Typ bodu rovnováhy: sťred, protože λ1,2 ∈ C a jsou ryze imaginárńı
(reálné části λ1,2 = 0).

3 Polop̌ŕımkové trajektorie neexistuj́ı.

4 Tečný vektor v bodě [5,−6] : ~τ = A(5,−6)T = (−10, 4)T

5 Trajektorie řešeńı je elipsa.



Př́ıklad 4: Určete maximálńı řešeńı Cauchyovy úlohy

zápis po složkách
ẋ = x + y
ẏ = −2x + 3y

maticový zápis

Ẋ =

(
1 1
−2 3

)
X

počátečńı podḿınka

X (0) =

(
2
3

)

1 vlastńı č́ısla
det(A− λE ) = 0: (1− λ)(3− λ) + 2 = 0, λ1 = 2 + i , λ2 = 2− i

2 vlastńı vektor (pro λ = 2 + i): ~u = (1, 1 + i)T

e(2+i)t~u = e2t(cos(t) + i sin(t))

(
1

1 + i

)
Vynásob́ıme a rozděĺıme na reálnou a imaginárńı část.

3 Fundamentálńı systém řešeńı
Φ1 = e2tRe((cos t + i sin t)~u),Φ2 = e2t Im((cos t + i sin t)~u)

e(2+i)t~u = e2t

(
cos t + i sin t

cos t − sin t + i(cos t + sin t)

)
Φ1 = e2t

(
cos t

cos t − sin t

)
, Φ2 = e2t

(
sin t

cos t + sin t

)



Obecné řešeńı XOB = e2t (C1Φ1 + C2Φ2) , C1,C2 ∈ R

XOB = e2t

(
C1

(
cos t

cos t − sin t

)
+ C2

(
sin t

cos t + sin t

))
C1,C2 urč́ıme z počátečńı podḿınky:(

2
3

)
= C1

(
1
1

)
+ C2

(
0
1

)
⇒ C1 = 2,C2 = 1

Maximálńı řešeńı

Xmax = e2t

(
2

(
cos t

cos t − sin t

)
+

(
sin t

cos t + sin t

))

po složkách
x(t) = 2e2t(cos t + sin t),
y(t) = e2t(3 cos t − sin t)

, t ∈ R



Fázový portrét
1 Bod rovnováhy Ẋ = ~0(

1 1
−2 3

)
XBR =

(
0
0

)
⇒ XBR = [0, 0], jediný protože detA 6= 0.

2 Typ bodu rovnováhy: ohnisko, protože λ1,2 ∈ C a nejsou ryze
imaginárńı (reálná část λ1,2 6= 0).

3 Polop̌ŕımkové trajektorie neexistuj́ı.

4 Tečný vektor v bodě [2, 3] : ~τ = A(2, 3)T = (5, 5)T



Př́ıklad 5: Určete maximálńı řešeńı Cauchyovy úlohy
Ẋ = AX + B

zápis po složkách
ẋ = −2x + 2y + 2
ẏ = 3x − y − 3

maticový zápis

Ẋ =

(
−2 2

3 −1

)
X +

(
2
−3

) poč. podm.

X (0) =

(
0
6

)
1 vlastńı č́ısla

det(A− λE ) = 0: (−2− λ)(−1− λ)− 6 = 0, λ1 = −4, λ2 = 1

2 vlastńı vektory:
λ1 = −4 : x + y = 0, ~u = (1,−1)Tλ2 = 1 : −3x + 2y = 0, ~v = (2, 3)T

3 Fundamentálńı systém řešeńı

Φ1 = e−4t

(
1
−1

)
,Φ2 = et

(
2
3

)
4 Obecné řešeńı homogenńı rovnice

XH = C1e
−4t

(
1
−1

)
+ C2e

t

(
2
3

)
,C1,C2 ∈ R

5 Partikulárńı řešeńı AXP + B = ~0
−2x + 2y +2 = 0

3x − y −3 = 0
⇒ x = 1

y = 0
XP =

(
1
0

)



Obecné řešeńı nehomogenńı rovnice XOB = XH + XP

XOB = C1e
−4t

(
1
−1

)
+ C2e

t

(
2
3

)
+

(
1
0

)
,C1,C2 ∈ R

C1,C2 urč́ıme z počátečńı podḿınky:(
0
6

)
= C1

(
1
−1

)
+ C2

(
2
3

)
+

(
1
0

)
⇒ C1 = −3,C2 = 1

Maximálńı řešeńı (po složkách)
x(t) = −3e−4t +2et +1,
y(t) = 3e−4t +3et

, t ∈ R



Fázový portrét
1 Bod rovnováhy Ẋ = ~0(

1 1
−2 3

)
XBR =

(
−2

3

)
⇒ XBR = [1, 0], jediný protože detA 6= 0.

2 Typ bodu rovnováhy: sedlo, protože λ1,2 ∈ R a λ1 · λ2 < 0

3 Polop̌ŕımkové trajektorie lež́ı na p̌ŕımkách
(x − 1) + y = 0, −3(x − 1) + 2y = 0

4 Tečný vektor v bodě X0 : ~τ = AX0 + B, ~τ = (14,−9)T
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