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Seminá̌r 7

17.4. 2019



Obsah

1 ODR: Dirichletova úloha



Dirichletova (okrajová) úloha pro odr 2. řádu

y ′′ + f1(x)y ′ + f2(x)y = f3(x), y(a) = A, y(b) = B

v samoadjungovaném tvaru

−
(
p(x)y ′

)′
+ q(x)y = f (x), y(a) = A, y(b) = B

Postačuj́ıćı podḿınky existence a jednoznačnosti řešeńı

spojitost p(x), p′(x), q(x), f (x) v intervalu 〈a, b〉
p(x) > 0 v intervalu 〈a, b〉
q(x) ≥ 0 v intervalu 〈a, b〉



Nahrazeńı derivaćı v jednom uzlu
Zvoĺıme h a v intervalu 〈a, b〉 urč́ıme uzly xi . Zaṕı̌seme diferenciálńı
rovnici v bodě xi (0 < i < n) : −(p(xi )y

′(xi ))′ + q(xi )y(xi ) = f (xi ).
Označ́ıme z = p · y ′ a nahrad́ıme z ′(xi ) centrálńı diferenćı, pomoćı
hodnot ve ťrech sousedńıch bodech xi − h

2 , xi a xi + h
2 vzdálených o h

2 .
Dostaneme

z ′(xi ) ≈
z(xi + h

2 )− z(xi − h
2 )

h
, kde

z(xi + h
2 ) = p(xi + h

2 ) · y ′(xi + h
2 ),

z(xi − h
2 ) = p(xi − h

2 ) · y ′(xi − h
2 ).

Derivace y ′(xi − h
2 ) a y ′(xi + h

2 ) nahrad́ıme centrálńımi diferencemi

pomoćı hodnot v sousedńıch bodech xi − h, xi − h
2 , xi a xi , xi + h

2 , xi + h

vzdálených o h
2 . Dostaneme

y ′(xi +
h

2
) ≈ y(xi + h)− y(xi )

h
, y ′(xi −

h

2
) ≈ y(xi )− y(xi − h)

h
.

T́ım jsme dostali z ′(xi ) ≈
p(xi + h

2 ) · y(xi + h)

h2
−

p(xi + h
2 ) · y(xi )

h2
−

−
p(xi − h

2 ) · y(xi )

h2
−

p(xi − h
2 ) · y(xi − h)

h2



Odvozeńı soustavy rovnic

Použijeme označeńı

Yi ≈ y(xi ),

pi = p(xi ), pi− 1
2

= p

(
xi −

h

2

)
, pi+ 1

2
= p

(
xi +

h

2

)
,

qi = q(xi ),

fi = f (xi ),

dosad́ıme do původńı diferenciálńı rovnice, vynásob́ıme rovnici h2 a
p̌reskuṕıme členy.
Pro bod xi dostáváme śıt’ovou rovnici s neznámými Yi−1,Yi ,Yi+1.

−pi− 1
2
Yi−1 +

(
pi− 1

2
+ pi+ 1

2
+ h2qi

)
Yi − pi+ 1

2
Yi+1 = h2fi

Pro i = 1 je Yi−1 = Y0 = A a pro i = n − 1 je Yi+1 = Yn = B.
Rovnice pro všechny body xi , i = 1, . . . , n − 1,

tvǒŕı soustavu śıt’ových rovnic.



Př́ıklady

Ově̌reńı postačuj́ıćıch podḿınek existence jediného řešeńı.

1 −
(
(1− 2x)y ′

)′
+ y = −1, y(−2) = 2, y(0) = 2

2 −
(
(x + 1)y ′

)′
+ y = −(x + 1), y(0) = 1, y(1) = 1

3 −
(
x3y ′

)′
+ xy = −x2, y(1) = 2, y(3) = 2

4 −
(
exy ′

)′ − 1

x
y = x2, y(−3) = 1, y(−1) = 0

5 −
(
(x2 − 4)y ′

)′ − 3xy = 4− x2, y(−4) = 2, y(−3) = 1

6 y ′′ + 4y = 0, y(0) = 1, y(2) = 3



Př́ıklady: soustavy rovnic
1)−

(
(1− 2x)y ′

)′
+ y = −1, y(−2) = 2, y(0) = 2 h = 0.5

1 uzly: základńı xi a vedleǰśı xi± 1
2

x0 x1 x2 x3 x4
-2 -1.5 -1 -0.5 0

x1− 1
2

x1+ 1
2

x3− 1
2

x3+ 1
2

x2− 1
2

x2+ 1
2

-1.75 -1.25 -0.75 -0.25
2 hodnoty funkce p(x) = 1− 2x ve vedleǰśıch uzlech:

xi± 1
2

-1.75 -1.25 -0.75 -0.25

p 4.5 3.5 2.5 1.5
3 hodnoty funkćı q(x), f (x) poč́ıtáme v základńıch uzlech, ale v

tomto p̌r. jsou 1 resp. -1 pro všechna x .

4 −pi− 1
2
Yi−1 +

(
pi− 1

2
+ pi+ 1

2
+ h2qi

)
Yi − pi+ 1

2
Yi+1 = h2fi

pro i = 1: −4.5Y0 + (4.5 + 3.5 + 0.25)Y1 − 3.5Y2 = −0.25
pro i = 2: −3.5Y1 + (3.5 + 2.5 + 0.25)Y2 − 2.5Y3 = −0.25
pro i = 3: −2.5Y2 + (2.5 + 1.5 + 0.25)Y3 − 1.5Y4 = −0.25



Dosad́ıme okrajové podḿınky a zaṕı̌seme soustavu rovnic maticově: 8.25 −3.5 0
−3.5 6.25 −2.5

0 −2.5 4.25

 Y1

Y2

Y3

 =

 8.75
−0.25
2.75





Př́ıklad 2: soustava rovnic

−
(
(x + 1)y ′

)′
+ y = −(x + 1), y(0) = 1, y(1) = 1, h = 0.25

 2.5625 −1.3750 0
−1.3750 3.0625 −1.6250

0 −1.6250 3.5625

 Y1

Y2

Y3

 =

 1.0469
−0.0938
1.7656





Př́ıklad 3

−
(
x3y ′

)′
+ xy = −x2, y(1) = 2, y(3) = 2, h = 0.5

 7.6875 −5.3594 0
−5.3594 17.2500 −11.3906

0 −11.3906 32.8125

 Y1

Y2

Y3

 =

 3.3438
−1

40.0313





Př́ıklad 4

−
(
exy ′

)′ − 1

x
y = x2, y(−3) = 1, y(−1) = 0, h = 0.5

 0.2693 −0.1054 0
−0.1054 0.4042 −0.1738

0 −0.1738 0.6269

 Y1

Y2

Y3

 =

 1.6264
1
. . .


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